In this article, we revisit Ramanujan's cubic analogue of Jacobi's inversion formula for the classical elliptic integral of the first kind. Our work is motivated by the recent work of Milne (Ramanujan J. 6(1) (2002) 7-149), Chan and Chua (Ramanujan J., to appear) on the representations of integers as sums of even squares. r
Introduction
In [5] , Chan and Chua show that Table 1 can be extended indefinitely by using a recurrence relation satisfied by T 2k ðqÞ: They show that the recurrence relation is a consequence of the differential equation satisfied by the classical Jacobian elliptic function sn 2 ðu; kÞ (here, k 2 ¼ x). In this paper, we propose to study the functions
The functions S 2k ðqÞ are perhaps first studied by Ramanujan [10, Table 2 is given by Ramanujan. Table 2 is clearly a cubic analogue of Table 1 . For the proofs of these identities, see [3] or [7] . In Section 2, we will show that Table 2 can be extended indefinitely using a recurrence relation (see Corollary 2.4) satisfied by S 2k ðqÞ: This recurrence relation 
The classical inversion formula for the incomplete elliptic integral of the first kind is the following: 
For a proof of this classical result, see [12] . then for 0pypp=2;
Proof of Theorem 1.2 can be found in [3, Theorem 8.1, 13] . In Section 3, we will sketch a proof of Theorem 1.2 based on the identity established in Section 2. We wish to emphasize that Theorems 1.1 and 1.2 can be derived from certain differential equations using suitable substitutions.
In the final section, we discuss a transformation formula satisfied by LðujtÞ:
The main identity
The main aim of this section is to derive a differential equation satisfied by LðujtÞ defined in (1.3). Here and in subsequent sections, we set q ¼ e 2pit ; with Im t40: The differential equation (2.1) first appeared in a different form in [3, p. 4209 ]. We rediscover it in an attempt to construct a recurrence relation satisfied by S 2k ðqÞ: Note that Theorem 2.1 indeed provides us with such a relation by simply comparing the coefficients of u 2k on both sides. We emphasize here that our proof of (2.1) is new and can be used to construct differential equations satisfied by functions analogous to LðujtÞ and sn 2 ðu; k 2 Þ: We will prove (2.1) in several steps. Our first task is to find an alternative expression for LðujtÞ: Recall that 
The second equality follows from the Jacobi triple product identity. In [13, p . 129], Shen shows that
Substituting the series expansion 
Now, since W 1 ðu þ ptj3tÞ and W 1 ðu À ptj3tÞ appears in the expression of LðujtÞ; we are led to the function
; Basically, we need an elliptic function f ðz; ujtÞ in the variable z with periods p and 3pt such that its logarithmic derivative at z ¼ 0 involves the left-hand side of (2.4). Since W 1 ðzjtÞ has a simple zero at z ¼ 0; the function f ðz; ujtÞ has a pole of order 3 at z ¼ 0: The residue of f at z ¼ 0 is zero since the sum of residues of an elliptic function is always zero. This implies, by logarithmically differentiating z 3 f ðz; ujtÞ; that resðf ; 0Þ ¼ 
we conclude from (2.5) that f 2 ð0; ujtÞ þ f 0 ð0; ujtÞ ¼ 0: ð2:7Þ
We will first compute fð0; uÞ: It is known that [14, p. 489]
By substituting u ¼ 0 in Lemma 2.2, we find that Next, differentiating both sides of (2.6), using (2.8) and evaluating at z ¼ 0; we find that where
Hence, by (2.7), (2.10) and (2.11), we conclude that Lemma 2.3.
Our final step is to find another relation between MðujtÞ and LðujtÞ: To achieve our aim, we construct a second function Furthermore, observing the fact that the expression we obtain from differentiating twice the function
with respect to z is the same as differentiating it twice with respect to u; we conclude that W Note that Corollary 2.4 shows that Table 2 can be extended indefinitely and that S 2k is a function of z 3 and x 3 for kX1: This result is a cubic analogue of the wellknown recurrence relations for the classical Eisenstein series [1, p. 13] and the functions T 2k [5] .
We end this section with another proof of (2.1) we find that
is an even elliptic function with periods p and 3pt: Now, W 1 ðzjtÞ has only one zero in the any period parallelogram. This implies that the function LðujtÞ has two simple poles in any period parallelogram. Now the expansion of LðujtÞ shows that it has a double zero at u ¼ 0 and these are the only zeros since the number of zeros is equal to the number of poles for any elliptic functions in a period parallelogram. Using the fact that any even elliptic function is a rational function of Y; we conclude that
Yðuj3tÞLðujtÞ ¼ A þ BLðujtÞ; ð2:23Þ
for some functions A and B independent of u: It is known [13, (2.4) ] that the expansion of YðujtÞ is of the form
where
Substituting this expansion of Y and the expansion of LðujtÞ into (2.23), we deduce that
ð2:24Þ
Comparing coefficients of both sides of (2.24), we conclude from 3 :
Hence, we obtain the identity
We now give another proof of Theorem 2.1. Recall that the elliptic function Y satisfies the differential equation : ð2:27Þ Substituting (2.25) into (2.27), we find that dL du 
The functions z 4 and x 4 belong to the quartic theory of elliptic functions [4] .
Proof of Theorem 1.2
Throughout this section, we let q to be a real number between 0 and 1: From (2.28), we find that dL du
In a similar fashion, we can construct a quartic analogue of Theorems 1.1 and 1.2. We first note that the quartic version of (2.28) is
This prompted us to set
This implies, by direct computation, that
; we deduce from (3.6) that
which implies that 
By using the relation in [3, Theorem 9.11, 4, Theorem 2.9], we have
since [2, p. 346, Entry 1(v)]
The first few E 2k ðw 3 ; qÞ for kX1 are
w 3 ðnÞ n 4 q n 1 À q n ;
These are clearly the cubic analogue of the classical Eisenstein series. The series E 2k ðw 3 ; qÞ were studied in [7] , but the relation between E 2k ðw 3 ; qÞ and S 2k ðqÞ was not established there. Remark. The generalization of (4.7) can be found in the excellent article by Kolberg [6, (2.20) ].
Conclusion
It is clear that there are many identities associated with the cubic theory which are yet to be discovered. Functions such as HðzjtÞ and LðzjtÞ provides us with some insights in constructing cubic analogues of the Jacobian elliptic functions. However, the study of such functions is far from complete. For example, we are still unable to find a cubic analogue of the famous Landen's transformation formula [14, p. 507 ] despite the fact that we now have a better understanding of this theory.
